The effect of dark energy on the low and high temperature behavior of strip region of the boundary field theory dual to AdS black holes was studied. In this framework, we investigate this behavior for different types of equation state and different regims of normalization factor (a). We will see that the changes of entanglement entropy is growing up with incrasing a and |ω|.
I. INTRODUCTION
In recent decades, quantum entanglenent has played an important role in various areas of physics such as quantum field theory, condensed matter systems, statistical mechanics and quantum gravity. The entanglement entropy provides us with a convenient way to measure quantum correlations in a biparite system. We assume that the system is in pure state |Ψ with the density matrix ρ = |Ψ Ψ|, therefore von-Neuman entropy of this system is defined as S = −trρ log ρ = 0. This quentity does not give us any useful information. Thus the total system is divided two subsystems A that is bieng studied and B that is the complement of A. The observer only can access to information from subsystem A and can not recieve any signal from B. This situatioin is analogous to the case that inside of a black hole (B) is not accessible for an observer in outside of the horizon (A). Mathematically this can be realised by expressing the full Hilbert space H as a tensor product of Hilbert spaces A and B, that is, H = H A ⊗ H B . The entanglement entropy of the system A is defined as
where ρ A is the reduced density matrix of subsystem A obtained via taking a partial trace ρ over the subststem B, ρ A = tr B ρ. The entanglement entropy of B can be obtained by the same method too. Entanglement entropy has important properties such as (i)S A = S B and (ii)S A + S B ≥ S A∪B + S A∩B called subadditivity condition [1] . Direct calculation of von-Neuman entropy in quantum field theory is very complicated. Therefore, a method has been propsed based on replica trick [2] [3] [4] [5] . In their approach the entanglement entropy is given by
Similar to quantum mechanics, the density matrix is defined in terms of euclidean path integral on an n-sheeted Riemann surface. This method is used for calculating the entanglement entropy of 1 + 1 CFT in critical [2, 6] and non critical [4, 5] phenamena. Because of the large size of hilbert spaces, replica trick method for calculating entanglement entropy in higher dimensional CFTs encounters problems. Therefore, in spit of noticable successes for 1 + 1 CFT, the direct calculation of entanglement entropy in higher dimentional CFTs is restricted to quasi free fermions and bosons [7] [8] [9] [10] [11] [12] . A very beneficial and applicable approach, at least for quantum systems that have holographic description, is using of holographic entanglement entropy that proposed and developed by the authors in [13, 14] . This method is derived from AdS/CFT duality that relates gravity on an asymptotically local (d + 1) dimensional AdS spacetime to (d) dimensional strongly coupled boundary quantum field theory with a UV fixed point [15] . In the next section, this method is described in (3 + 1 dimensions in details.
FIG. 1: The schematic of minimal surface in AdS3+1
Recently astronomical observations show that the expansion of the univers is accelerated [22, 23] , that can be explained by the assumption that our universe is filled with a special state of matter with negative pressure. This can be interpretted by a cosmological constant, but the measured vaccum energy density differs largely from zero point energy predicted by quantum field theory. This disagreement is called cosmological constant problem [24] . An alternative way may be constructing black hole solutions with quintessence by using dynamical scalar fields [25] [26] [27] [28] [29] .
In this framework, a state equation is obtained as a relation between the pressure and energy density. A static spherically-symmetric exact black hole solutions of Einstein equations with the quintessential matter was proposed by Kiselev in [30] . Thermodynamics of the neutral and charged black holes with quintessence was studied in [31] [32] [33] . The holographic entanglement entropy was used as a nonlocal observable for probing phase structure in quintessence Reissner-Nordström-AdS black hole in [34] . From the dual CFT perspective, the effect of quintessence on the formation of superconductor [35] and on the non-equilibrium thermalization [36] were studied. althogh at present, the dual field interpretation of the quintessence is not completely known. In this work, we intend to study the behavior of the entanglement entropy of strongly coupled boundary field theory dual to AdS black holes surrounded by quintessence at low and high temerature. The rest of this paper is organized as follows. In section II we present a review of the holographic entanglement entropy method for a general metric. In the two next sections we calculate the entanglement entropy of AdS black hole surrounded by quintessence at low and high temperature for small and large quintessence charge regims. Finally in the last section, the results summarized as conclusions
II. REVIEW OF THE HOLOGRAPHIC ENTANGLEMENT ENTROPY
In the first step we review the holographic entanglement entropy method proposed by Ryu and Takayanagi [13] for boundary CFT dual to a static spherically-symmetric AdS 3+1 black hole. As mentioned in previous section, a part of the boundary field theory A is isolated from the rest of system that entangled with A as shown in Fig 1. This subsystem is entangled withthe rest of subsystem. According to this proposal, the entanglement entropy is given by
where
is the Newton's constant in 3 + 1 dimensional bulk spactime and γ A is the (2) dimensional minimal area surface in the bulk whose boundary on the bulk is the boundary of conformal field theory on region A, ∂γ A = ∂A. This formula is motivated from Bekenstein-Hawking entropy due to similarity between entangled quantum systems and black holes. Although, the entanglement entropy is different from Bekenstein-Hawking entropy because Area(γ A ) is not necessarily the area of event horizon. This represents the surface of regin A lives in the conformal boundary of AdS spacetime. The entanglement entropy of the AdS Schwarzschild black hole [16] [17] [18] [19] and Reissner-Nordström-AdS black hole [20, 21] at finite temperature were studied by this method. The metric for a black hole in poincaré coordinte can be written as
where we assume the AdS length is set to one. The boundary field theory A is geometrically an infinite strip specified by
with L → ∞. The minimal area of the surface enclosed by the boudary of A is given by
If we consider the area as an action, we can see that the lagrangian do not depend to x. Therefore the equation of motion leads to a constant of motion
thus, we have
The costant c may be found by taking this fact that at turning point r c , x ′ diverges, therefore, we obtain c 2 = r 
where we used the variable change u = rc r . The area of the minimal surface can be expressed as
When r → ∞, the intergrand becomes infinte, therefore, the entanglement entropy has a divergence. Because of too many degrees of freedom, always the entanglement entropy is infinite. For regularization this the entanglement entropy can be divided two parts, a divergene part and a fininte part. Divergence part is temperature independent and can be computed easily by introducing an infrared cut off r b (dual to UV cut off a = 1 r b in boundary field). On the other hand, we use the fininite part of entanglement entropy to explore the high and low temparature of entanglement entropy for the boundary field dual to AdS black hole
The integrals given in equations (9) and (10) had not any analytical solutions yet. Therefore, a few approximation methods have been proposed for the computation of these integrals, although the most of these methods are valid for low temperature regime. The authors in [18] present a technique based on expansion by which one can calculate the entanglement entropy of a black hole at low and high temperature. In this paper we apply this technique to obtain an analytical expression for entanglement entropy of a boundary CFT dual to AdS black hole sorrounded by a quintessence. The low temperature limit of boundary CFT corresponds to a black hole with small radius. It is shown in [18] that the leading contribution of entanglement entropy is duo to pure AdS 3+1 bulk. In this framework the low temperature limit of entannglement entropy of boundary CFT dual to AdS black hole can be expressed as
On the other hand it was shown that at high temperature, that is when r h → r c , the entanglement entropy behaves as the following equation
where c i (i = 0, 1, 2) and ǫ ent and C are constants. In eq. (13) the first term scales with area of the subsystem (in higher dimension with volume of the subsystem) and corresponds to thermal entropy of the system. The other terms scales with the length of boundary of subsystem (in higher dimension area of the substem) and correspond to the entanglement between the subsystem A and the rest of the system.
III. THE ENTANGLEMENT ENTROPY OF QUINTESSENCE PLANAR ADS BLACK HOLES
In this section, we firstly present the metric describing Ads planar black holes sorrounded by quintessence. Then we use Ryu and Takyanagi approach to compute the entanglement entropy of quintessence Ads black hole dual to a strip region in the boundary field theory. Similar to method used in [30] and considerig metric anstaz in eq. (4) one can find the function f (r) as [37] used a technique based on expansion that
where M is the mass parameter of the black hole, ρ is the quintessence energy density, ω is state equation parameter and a is the normalization factor that we call it quintessence charge. It relates to density of quintessence as follows
where for quintessence matter −1 < ω < 0 and ω < −1 is corresponded to phantum dark energy. For ω = −1, the qunitessence affects the AdS radius that is due to cosmological constant while for ω = − 1 3 , dark energy affects the curvature k of the spacetime. For deriving the relation between M and a, it is sufficient to put f (r h ) = 0 where r h is the horizon radius of the black hole, therefore, we have
Here, the positive mass of black hole leads us to have the following condition
f (r) can be reformulated in term of the horizon radius as
The Hawking temperature of the quintessence AdS blach holes can be written as
The allowed range of black hole temperature can be obtained by considering condition (18) as
By substituting f (r) from eq. (19) in equations (9) and (6), l and A are ghiven by
For a given ω, the state space of the boundary field theory dual to quintessence AdS black hole depends on T and a. Therefore it is needed to work in a specific ensemble. In order to fix a, we consider the system in canonical ensemble. Thus, in our study for finite temperature entanglement entropy, by attention to (20) one can find that the value of r h can be considered as a measure of the black hole tempreature. Except in the cases ω is very close to −1, the large quintessence charge a , r h must be large, the larger the radius of black hole, the higher the temperature. We must notice that when ω → −1, a large value of a, the large value of r h is not necessarily related to high temperature.
For small values of a, the radius of black hole can be small or large. This can be related to low or high temperature respectively In the following subsections we study the behavior of entanglement entropy for the boundary CFT dual to AdS black hole surrounded by quintessence at different quintessence charge regims.
IV. BLACK HOLE IN QUINTESSENCE WITH A SMALL CHAREGE
In this section we explore the low and high temperature behavior of entanglement entropy for subsystem A boundary to AdS black hole sourrunded by quintessence. We study these bahaviors at different region of ω.
A. Small a regime (low temperature) At first step we consider a subsystem of boundary field theory dual to AdS quintessence black hole with a small a parameter at a low temperature. From the mass condition in eq. (18), we can find that when the temperature and the charge both are small, the horizon radius is small. In this condition r h ≪ r c . We can find that when ω is not very close to −1, the small temperature and quintessence charge leads to a relation as
Defining a new parameter ξ = a r 3(ω+1) h , we expand f 3 u 3 ), the lapse function has the following form
Substituting this approximation form of lapse function in (9) the subsystem length can be expressed by the following integral form
we can solve above integral and derive the relation between l and r c as
The extremal area surface can be obtained as
the first term in (28) is correspond to pure AdS and is divergent. Therefore, in order to obtain a finite area we introduce an IR cut off r b (dual to UV cut off c = 1 r b of boundary theory) and subtract a counter term from it.Therefore the first term can be regularized as
The terms in the sum are divergent when for a special n in the sum, n < 2 3(1+ω) . Therefore when in the sum n < and 3n(ω + 1) = 1 The integral for these term can be solved as follows 
Therefore when in the sum 3n(ω + 1) = 1 the extremal area can be expressed as
When ω → −1, we have many terms in the lapse function (24) and the calculation is very hard and almost imposible. Fortunately, in this case, r 3(ω+1) h → 1. Thus ξ ≪ 1 and we can neglect the higher order terms in the lapse function. f − 1 2 has a form as follows
Therefore the subsystem length and minimal surface area are expessed as follow
Here we compute the entanglement entropy for several values of ω. For ω = − 
For ω = − 1 2 , these parameters can be expressed as
where the cofficients C i and K i (i = 0, 1, 2) are given by the expressions below
(38)
(39)
For ω = − 2 3 the extremal length can be expressed as
where the cofficients c i , (i = 0, 1, 2, 3) can be obtained as
Therefore the extremal area can be expressed as
The cofficients are given by the following expressions
The form of the lapse function is the same as that of schwarzchild black holes in [18] with the exception that here there is a
factor. For low temperature r c and A can be expressed as follow
For small quintessence charge regime, we have (55) and (56) can be rewritten as
As showed in [19] 
and proceeding similar to that used in [20] , the form of boundary subsystem length can be obtained as
where the cofficients a 1 and a 2 are expressed as the following forms
We can obtain ǫ correction as
where ǫ ent is a constant has the following form
The ǫ corrections decreases exponentialy with the temparture just as they do in the case Schwarzschild black hole in vaccum. The only difference is introduction of two small δ terms duo to the presence of quintessence. This terms cause ǫ to decay in higher temperature rather than Schwarzschild black hole. The extremal surface area can be written as
b i (i = 1, 2, 3, 4, 5) can be obtained as
where for computing these cofficients we applied the same method used in [20] . Therefore the finite part of the entanglement entropy of boundary field theory dual to quintessence black hole may be written down as follows
This equation is very similar to the equation obtained by authors in ref. [20] for Reissner-Nordström black hole. This is not very unexpected because the charged black holes can be considered as a special form of quintessence black holes. In the first term, S BH = r 2 h 4G corresponds to well-known Bekenstein-Hawking entropy of black hole. We can rewrite (74) in terms of temperature as follows
The first term scales with the area of the subsystem and represents thermal entropy of the region while the subsequent terms are proportional to the length of the boundary separating the subsystem (A) and its complement. and correspond to entanglement between region A and the rest of the system. The quintessence corrections on the entanglement entropy is small and when ω → −1, these corrections approach to their maximum values. It is trivial that when δ → 0, the results of Schwatschild black hole is recovered.
V. BLACK HOLE IN QUINTESSENCE WITH A LAREGE CHAREGE
In this section we explore the low and high temperature behavior of entanglement entropy for subsystem A boundary to AdS black hole sourrunded by a large charge quintessence. The low temperature is restricted to ω colse to −1, therefore we first study the high temperature of entantnglement entropy then investigate the low temperature. , we obtain subsystem length as
The series in the above equation goes as ∼ x n n for large n, Thus it is divergent when r c → r h . We isolate the divergent term. For large charge regime, the horizon radius is large, therefore, we set r c = r h (1 + ǫ). Substituting this expression in (79) and expanding it in terms of ǫ we have
Therefore the ǫ correction can be obtained as
where ǫ = e f anf f is given by the following expression
Since aω r 3(ω+1) h is always negative, δ < 3. Thus ǫ correction is low for high temperature and is high for high temperature.
On the other hand this correction increases with a and ω. Substituting the form of the lapse function (76) in (23), the extremal surface area can be written as
The integral is divergent. Regularization and computation are performed and finite part of extremal surface area is expressed as
where P 1 and P 2 are given as the following expressions
Therefore the finite part of entanglement entropy will be expressed as
The first term scales with the area of the subsystem and is extensive. This term corresponds to thermal entropy of black hole. The subsequet terms are proportional to length of strip and are measure of the entanglement between subsystem A and the rest of the system. The effect of dark energy appears mainly in these terms as a factor
. For small |ω| and a, this factor is small and the effect of quintessence is also small, but when |ω| or a goes to larger value, δ becomes small and consequently 1 √ δ becomes large. when ω → −1, 1 √ δ ≫ 1 and the effect of dark energ will be enormous. This can be attributed to the severe entanglement between subsystem and rest of the system at higher |ω|.
B. low temperature
This case happens only when ω < − 
The entanglement entropy can be expressed as 
we can see that dark energy affect the entanglement entropy as a constant factor and with increasing a this effect is increased.
VI. CONCLUSION
In this paper we investigated analytically the entanglement entropy of a strip-like subsystem (A) for the boundary field theory dual to AdS black hole surrounded by a quintessence. We obtained approximated analytical expression for the holographic entanglement entropy of the strip based on the method adopted in [18] . We focused on the dependence of the entanglement entropy on temperature, quintessence type (ω) and the amount of quintessence (a) that we called the last item as qunitessence charge. In this framework we studied the low and high temperature of entanglement entropy for small and high a regimes and different regions of ω. We find that at high temperature the entanglement entropy depends on temperature exponentialy and also depends on the factor a r 3(ω+1) h for small and large a regimes. On the other hand, the changes of the entanglement entropy of quintessence black hole relative to AdS Schwarzchild black is increased when ω goes to −1.The behavior of entanglement entropy changes when ω approaches to −1 and this behavior has been considered for small and large a regimes. In general the holographic tratment develops our knowledge about the entanglent and related phenomena in strongly coupled boundary field theory at finite temperature and the charge and type of quintessence.
